Einstein's own demonstration of time dilation taken from his book with L. Infeld (1938) is analyzed. His ingenious circumnavigation of an apparent discrepancy between clock synchronisation and Lorentz transformation is discussed.
Introduction
In 1887 Woldemar Voigt [1] postulated form invariance of the homogeneous wave equation for observers moving with constant velocity in the medium where the perturbations propagate. As a result the waves would have constant propagation velocity relative to any observer independent of her/his motional state. The postulate requires that not only the spatial coordinates must be transformed, as is the case in the Galilean transformation x ′ = x − v t, but also Newton's time must be made a function of velocity and space: t ′ = t − x v/c 2 . Whilst this transformation does not make any sense in acoustics, Lorentz [2] found it useful when he analyzed Maxwell's equations. Poincaré [3] cherished a general relativity principle where it is impossible to decide on any absolute velocity. The idea of c = const in any inertial system for light would fit into this concept. He multiplied Voigt's transformation by a constant factor in order to obtain form invariance for the inverse transformation and named the result after Lorentz. The transformation is now generally known in the form
(1) Einstein claimed in the introduction of his famous paper of 1905 [4] that he could derive the Lorentz transformation from two postulates: 1) ". . . the same laws of electrodynamics and optics will be valid for all frames of reference for which the equations of mechanics hold good" ("Principle of Relativity")
2) ". . . light is always propagated in empty space with a definite velocity c which is independent of the state of motion of the emitting body."
In fact, like Voigt he assumed c = const independent of the motion of both source and observer, in order to derive the 'Lorentz' transformation which did not carry this name at that time [5] . Whereas for Lorentz the transformed "local time" was a practical tool to describe electromagnetic phenomena, Einstein took it as a physical reality which was supposed to be indicated by moving clocks.
In order to give this new concept of "relative time" a solid foundation, he discussed in § 1 of his paper at great length the term "simultaneous events" and the synchronization of clocks. It was there where he raised a third postulate that is not fully recognized in the literature as a sine qua non:
3) "We assume that this definition of synchronism is free from contradictions and possible for any number of points;" This seemingly innocent assumption was never justified by Einstein in detail, but following from the the local time derived in § 3 a severe problem appears to emerge. More than thirty years later, in Einstein's book with L. Infeld [6] a simplification is employed, which, intentionally or not, circumnavigates this issue.
In this note we review Einstein's synchronization procedure and discuss its implication with respect to the Lorentz transformation. To guard against potential misunderstandings, Einstein's own demonstration of the variable "rhythm" of clocks dependent on their motion, as sketched in Fig. 36 of his book [6] , is strictly adhered to.
Einstein's synchronism of clocks
In § 1 of his paper [4] Einstein defines first an 'inertial system' as a coordinate system "in which the equations of Newtonian mechanics hold good", i.e. where accelerations are absent. He identifies the "time" when an event occurs with the simultaneous reading by an observer of a clock placed next to the occurrence. So far, the "simultaneity" of an event and the pertaining clock reading is locally restricted. In order to extend it to all places in an inertial system, it is necessary to establish a common time for clocks and observers placed at different locations. Even if one makes the natural assumption that the laws of nature are identical at different positions in an inertial system which implies that clocks of the same construction (based on the conservation of angular momentum or of energy) tick at the same rate everywhere, it is still necessary to adjust clocks to a common reading, in order to establish "simultaneity" within a given inertial coordinate system. Although a number of methods are thinkable for achieving this adjustment, Einstein suggests using light signals for synchronizing all clocks in the system to a common reading: "Let a ray of light start at the "A time" t A from A towards B, let it at the "B time" t B be reflected at B in the direction of A, and arrive again at A at the "A time" t' A . In accordance with definition the two clocks synchronize if
We assume that this definition of synchronism is free from contradictions and possible for any number of points;"
The definition rests on the validity of the postulate c = const, i.e. any 'ether wind' must be absent. If one uses acoustic signals instead of light, one could make sure that there is not any air wind blowing, but in case of light Einstein must rely on Voigt's postulate.
In practice one would measure the distance L between two points, divide it by c and adjust the clock at B to t B = t A + L/c upon arrival of the light signal from A. This would ensure that the clocks at A and B operate "synchronously". In our days where we have abolished the mechanical meter standard in Paris, we must first determine the distance L in lightseconds by using a radar method which reflects light emitted at A back from B to A. The distance between the points A and B is then L = c (t' A − t A )/2.
Having (in principle) carried out this procedure for an arbitrary number of points and clocks in an inertial system, observers in different places can be certain without further measurement that their nearby clocks display the time t A simultaneously with all other clocks in the system. The method appears very plausible, if one accepts the postulate c = const, and hence one may be surprised to read Einstein's caveat which we have termed his 'third postulate': "We assume that this definition of synchronism is free from contradictions;" Only in § 3 of his paper, after the Lorentz transformation has been derived, a possible contradiction surfaces.
Einstein's demonstration of time dilation
The Lorentz transformation predicts according to Einstein's interpretation that the "rhythm" of clocks changes once they move relative to an inertial system. This follows from equations (1) by eliminating the position x which pertains to a system S "at rest":
Whilst in S all clocks are synchronized displaying the same time t, the clock reading in the moving system S' depends both on the position of the clocks x ′ and on the velocity v of S' along the x -axis. Einstein visualized this situation by help of his Figure 36 in [6] which we reproduce here with permission of the Paul Zsolnay Verlag, Wien:
Two rods are shown, one at rest equipped with three synchronized clocks at different positions x; one clock is moving to the right and positioned at the left end x ′ = 0 of the upper rod. In the first graphic the rod ends coincide at x = x ′ = 0 and the clocks indicate t = t ′ = 0 which is in agreement with equation (2) and the assumed synchronism of the clocks on the lower rod. Some time later the lower clocks in S have moved on and display simultaneously say 15 s, whilst the upper clock reading in S' is only t ′ = 7.5 s. This 'dilated' behaviour continues and is again sketched in the third graphic where we read t = 30 s and t ′ = 15 s. All this is in agreement with equation (2) assuming γ = 2 and x ′ = 0. "For the sake of simplicity" Einstein has drawn only a single clock on the upper rod, but in agreement with his principles outlined in Sec. 2 we are entitled to add to all points in S' a pertaining clock and assuming that all these additional clocks have been synchronized like those in S. The first graphic may then be complemented by two more clocks displaying time t ′ = 0 as they are synchronized with the one at x ′ = 0:
Clearly, all observers in S', which are placed next to every clock, read off from their clocks simultaneously t ′ = 0, since they have been synchronized according to Einstein's procedure at a time before the origins of the two systems coincide. This reading may be confirmed by the observers in S placed momentarily next to a clock in S', since they can look at the sketched moment not only at their own clock, but also at the one next to them in the moving system S'. The same is true for the observers in the moving system: When they read simultaneously t ′ = 0 on all clocks in S', they will also read t = 0 in the system S where all clocks show the same time because of synchronism. Obviously, at the moment t = t ′ = 0 there exists complete simultaneity among the two inertial systems as a result of Einstein synchronization carried out in both systems according to the rules laid down in § 1.
Unfortunately the prediction of the Lorentz transformation as derived in § 3 is at variance with the result of the assumed synchronization procedure in § 1. One can see from equation (2) that the time indicated in the moving system S' should be t ′ = −x ′ v/c 2 when t = 0 holds in the system S at rest:
Einstein escaped this perception by considering only a single clock at the origin of the "moving" system. The observers at the momentarily coinciding origins in both systems looking at their own clock and at the clock in the other system will mutually agree that both clocks indicate simultaneously the same time t ′ = t = 0. This, however, is not the case for observers remote from the origin. According to the Lorentz transformation they will disagree on the reading of adjacent clocks in the two systems.
Conclusion
Analyzing Einstein's own demonstration of time dilation we have found that his 'third postulate' formulated in the context of his synchronization procedure cannot be satisfied in view of the relationship between the readings of moving clocks as predicted by the Lorentz transformation. Einstein resolved the problem by sketching only a single clock in the moving system. Whether this was intentional or not may be open to discussion, but it is noteworthy, that for the case where the upper system S' is at rest and the lower system S moves to the left -thus maintaining the same relative velocity -he wrote: "Certainly the same result [for time dilation] could be found if the clock moved relative to an observer at rest in the upper c.s.; in this case there would have to be many clocks in the upper c.s. and only one in the lower." This would not seem to be a "simple" prescription, but rather appears to be an ingenious measure in view of the fact that the two systems are indistinguishable in principle, as indeed Einstein emphasized himself.
